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We discuss the /(_R)-theories of gravity with torsion in the framework of j7-bundles. Such an 
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chosen as fiber j7-coordinates on the bundles and then the symmetries and the conservation laws 
of the theory can be easily achieved. Field equations of /(_R)-gravity are studied in empty space 
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I. INTRODUCTION 



In some previous papers [U, a new geometric approach for Gauge Theories and General Relativity (GR), in 

the tetrad-afRne formulation, has been proposed. It is called the J^-bundles framework (from now on the J'-bundlcs). 
^h' The starting point for the construction of such a framework is that several field Lagrangians have corresponding 
I ■ Lagrangian densities which depend on the fields derivatives only through suitable antisymmetric combinations. This 
^jf^' is the case of the Einstein-Hilbert Lagrangian which, in the tetrad-affine formulation, depends on the antisymmetric 
derivatives of the spin-connection through the curvature. 

In view of this fact, the basic idea developed in P, [3, S| consists in defining a suitable quotient space of the first 
jet-bundle, making equivalent two sections which have a first order contact with respect to the exterior differentiation 
(or, equivalently, with respect to the exterior covariant differentiation), instead of the whole set of derivatives. The 
' resulting fiber coordinates of the so defined new spaces are exactly the antisymmetric combinations appearing in the 
; Lagrangian densities. 

■ For GR, it has been shown that the fiber coordinates of the quotient space can be identified with the components 

^ ^ . of the torsion and curvature tensors and the approach results particularly useful in the gauge treatment of gravity 

O ■ (see fl for a general discussion). 

00 , The aim of this paper is to extend the mathematical machinery developed in Q to the /(i?)-theories of gravity with 

■ torsion Q in order to recast such theories in the J^-bundle formalism. As we will see, such an approach is particularly 
useful to put in evidence the peculiar geometric structures of the theories, as symmetries and conservation laws. 

Before starting with this program, we want to recall what are the physical motivations to enlarge the Hilbert- 
Einstein approach to more general theories. 

The basic considerations are related to cosmology and quantum field theory since several shortcomings of GR have 
induced to investigate whether such a theory is the only fundamental scheme capable of explaining the gravitational 
interaction (see [aHj [1| for a review) . Other motivations to modify GR come from the old issue to construct a theory 
capable of recovering the Mach principle. [1, [TolfTH. 

One of the most fruitful approaches has been that of Extended Theories of Gravity (ETGs) which have become a 
sort of paradigm in the study of gravitational interaction. It is based on taking into account physically motivated 
corrections and enlargements of the Hilbert-Einstein action. In particular, the /(i?)-gravity is the simplest extension 
consisting in relaxing the very stringent hypothesis that the only gravitational action is that linear in the Ricci scalar 
R: in /(i?)- gravity, generic functions of the Ricci scalar are taken into account, but the approach can be extended 
to include any curvature invariant and/or any scalar fields because, from a conceptual point of view, there are no a 
priori reason to restrict the gravitational Lagrangian to a linear function of the Ricci scalar i?, minimally coupled 
with matter (T^ . 

However ETGs are not the "full quantum gravity" but they are needed as working schemes toward it. In fact, 
every unification scheme, as Superstrings, Supergravity and Grand Unified Theories, takes into account effective 
actions where non-minimal couplings or higher-order terms in the curvature invariants come out. Specifically, this 
scheme has been adopted in order to deal with the quantization on curved spacetimes and the result has been that the 
interactions between quantum fields and background geometry (or the gravity self-interactions) yield correction terms 
in the Einstein-Hilbert Lagrangian [H, Moreover, it has been realized that such corrections are inescapable, if 
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we want to obtain the effective action of quantum gravity on scales closed to the Planck length [l5|; finally the idea 
that there are no "exact" law of physics but that the effective interactions can be described by "stochastic" functions 
with local gauge invariance (i.e. conservation laws) has been recently taken into serious consideration [l6j . 

A part the fundamental physics motivations, all these theories have acquired a huge interest in early and late 
time cosmology due to the fact that they "naturally" exhibit inflationary eras able to overcome the shortcomings of 
Standard Cosmological Model [13, [3] and well fit the Dark Energy issues of the today observed accelerated behavior 



19 1 . The related cosmological models seem realistic and capable, in principle, of matching with the observations 
2C,|I1. 



In all these approaches, the problem of reducing general theories to the Einstein standard form plus scalar fields has 
been extensively treated; one can see that, through a Legendre transformation on the metric, higher-order theories, 
under suitable regularity conditions on the Lagrangian, take the form of the Einstein one in which a scalar field (or 
more than one) is the source of the gravitational field; on the other side, it has been studied the equivalence between 
models with variable gravitational coupling with the Einstein gravity through a suitable conformal transformation. In 
any case, the debate on the physical meaning of conformal transformations has not been solved up to now (see [H, US] 
and references therein for a comprehensive review). Several authors claim for a true physical difference between Jordan 
frame (higher-order theories and/or variable gravitational coupling) since there are experimental and observational 
evidences which point out that the Jordan frame is suitable to match solutions with data. Others state that the true 
physical frame is the Einstein one according to the energy theorems j?^]. In any case, the discussion is open and no 
definite statement has been achieved up to now. The problem can be faced from a more general viewpoint and the 
Palatini approach to gravity could be useful to this goal. The Palatini approach was firstly introduced and analyzed 
by Einstein himself [2^ . It was however called the Palatini approach as a consequence of historical misunderstandings 
[2a |. The fundamental idea at the bases of the Palatini formalism is to consider the connection F, entering the 
definition of the Ricci tensor, to be independent of the metric g, defined on the spacetime M.. The Palatini formalism 
for the standard Hilbert-Einstein torsion-less theory results to be equivalent to the purely metric theory: this follows 
from the fact that the field equations for the connection fields result exactly the same connection F, firstly considered 
independent: it is the Levi-Civita connection of the metric g. There is, consequently, no reason to impose the Palatini 
variational principle in the standard Hilbert-Einstein theory instead of the metric (Einstein) variational principle. 

The situation, however, completely changes when we consider the case of ETGs depending on analytic functions 
of curvature invariants, as /(-R), or non-minimally coupled scalar fields. In these cases, the Palatini and the metric 
variational principle provide different field equations [27[ . 

From a physical viewpoint, considering the metric g and the connection F as independent fields is somehow equiva- 
lent to decouple the metric structure of spacetime and its geodesic structure (i.e. the connection is not the Levi-Civita 
connection of g) , governing respectively the chronological structure of spacetime and the trajectories of particles, mov- 
ing in it. This decoupling enriches the geometric structure of spacetime and generalizes the purely metric formalism. 
This metric-affine structure of spacetime (here, we simply mean that a connection F and a metric g are involved) is 
naturally translated, by means of the same (Palatini) field equations, into a bi-metric structure of spacetime. Beside 
the physical metric g, another metric h has to be considered. This new metric, at least in the f{R) theories, is simply 
related to the connection. As a matter of facts, the connection F results to be the Levi-Civita connection of h and 
thus provides the geodesic structure of spacetime. 

A further ingredient to generalize this metric-affine formalism is considering also torsion in /(i?)-gravity. In 
we have discussed this issue showing that the torsion field plays a fundamental role into dynamics with remarkable 
applications in cosmology. Here we want to develop /(i?)-gravity with torsion in the framework of the J^-bundles. 

The paper is organized as follows. In Sect. II, we briefly sketch the main features of the metric-affine approach to 
/(i?)-gravity with torsion as discussed in 

In Sect. HI, we review the construction of jZ-bundles and their main geometric properties. We recall the definition 
of the Poincare-Cartan form associated with a given Lagrangian and derive field equation from a variational principle 
built on the new space. 

Sect. IV is devoted to the application of jj-bundlcs geometry to the tetrad-affine formulation of /(i?)-gravity with 
torsion. We derive field equations in vacuum and in presence of matter. We study explicitly the coupling with Dirac 
fields, Yang-Mills fields and spin fluids, giving some applications to cosmological models. Finally, we discuss the 
equivalence between the /(i?)-gravity and scalar-tensor gravity with torsion. Conclusions are drawn in Sect.V. 



II. /(i?)-GRAVITY WITH TORSION: PRELIMINARIES 

For convenience of the reader, we briefly sketch the theory discussed in [5]. In /(i?)-gravity with torsion, the 
dynamical fields are the pairs (g, F) consisting of a pseudo-Riemannian metric g and a metric compatible linear 
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connection F on the space-time manifold A4 . Such a theory is based on the action functional 

A{g,r)^ [ ^\fiR)ds (1) 



where f{R) is a real function, R{g,r) — g^^ Rij (with Rij := R'^ihj) is the curvature scalar associated with the 
connection T and ds := dx^ A • • • A dx'^. Throughovit the paper, we use the index notation 

9r r>V ^ 

r>h _ jk _ '^'^ ik I p hy. P _ p hy. p /r,\ 
~ dx'' 8x3 ^ ip ^ jk ^ jp ^ ik y^J 

for the curvature tensor and 

B B 

V 8 — = r,,'' — (3) 

for the connection coefhcients. 

As it is well known, given a metric tensor gij , every g-metric compatible connection V can be represented as 

r,/ = f/-i^,/ (4) 

where (in the holonomic basis {^I'^s;*}) Fj^'* denote the coefficients of the Levi-Civita connection associated with 
the metric gij and K^^ ^ indicate the components of the contortion tensor [2^ . Therefore, the degrees of freedom of 
the theory may be identified with the (independent) components of the tensors gij and K^^ ^ (the contortion tensor 

satisfies the antisymmetry property K^''^ = —K^ ''■'). 

Variations with respect to the metric and the connection (contortion) give rise to the field equations Q 

I\R)R^3 - \f{R)9^, = (5a) 

T.^'^-^^m-m) (5b) 

where T^^ ^ := T^^^ — T^^^ denotes the torsion tensor. The presence of matter is embodied in the action functional ([T|) 
by adding to the gravitational Lagrangian a suitable matter Lagrangian density Cm , namely 



Aig,T)^ J (^\g\fiR) + Cm) ds (6) 

In 0, we have supposed the matter Lagrangian being independent of the connection. In this case the field equations 
result to be 

f'iR)R.j - lf{R)9^l - S,, (7a) 

T- > = ^ ^^'^-^^ (SPS'' - S^S'') (7b) 

2f'{R) dxP ^ 3 ^ ' 

1 SjZm 

where := ■= . . plays the role of the energy-momentum tensor. 

III. THE J'-BUNDLES FORMALISM 

A. The geometric framework 

Let Ai he a, 4-dimensional orientable space-time manifold, with a metric tensor g of signature rj = (1,3) = 
(—1,1,1,1). Let us denote by £ the co-frame bundle of Ai. Moreover, let P ^ be a principal fiber bundle over 
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Al, with structural group G = SO{l,3). We denote by C := Ji{P)/ SO{l,3) the space of principal connections over 
P. We refer £ and C to local coordinates a:*, ef (i, /i = 1, . . . , 4) and x*, '^'^ < v) respectively. 

The configuration space of the theory is the fiber product £ Xj^4C {£ x C for short) over A4. The dynamical fields 
are (local) sections oi £ x C, namely pairs formed by a (local) tetrad field e{x) — e^(a;) dx"^ and a principal connection 
1-form uj{x) — uj^'^'^ (x) dx"^ . We notice that the connection lu(x) is automatically metric-compatible with the metric 
g{x) — rjf^i, e^{x) (g) e''{x) {-q^i, := diag(— 1, 1, 1, induced on M. by the tetrad field e^(x) itself. 

We consider the first J^-bundle J{£ x C) (see ^) associated with the fibration £ x C ^ M.. It is built similarly to 
an ordinary j/-bundle, but the first order contact between sections is calculated with respect to exterior (or exterior 
covariant) differentials. jT-bundles have been recently used to provide new geometric formulations of gauge theories 
and GR [H, S S [H, H HU, [H . 

For convenience of the reader, we briefly recall the construction of the bundle J{£ x C). Let Ji{£ x C) be the 
first J7- bundle associated with £ x C ^ M., referred to local jet-coordinates x', ef , , lj^'^'^. We introduce on 

Ji{£ X C) the following equivalence relation. Let z — (a;*, ef , , cjj^'^") and z = (a;*, ef , (D, ^''j , cD^ ^'') be two 

elements of Ji{£ x C), having the same projection x over M.. Denoting by {e^^ {x) , u^^" {x)} and {e^ {x) , Co^" {x)} two 
different sections of the bundle £ x C Al , respectively chosen among the representatives of the equivalence classes 
z and z, we say that z is equivalent to z if and only if 

e^'{x) = e^(x), OJ^"'{x) = Lo^"' {x) (8a) 

and 

de^'ix) = de^'ix), Dw^^ix) = DuJ^"'ix) (8b) 

where D is the covariant differential induced by the connection. In local coordinates, it is easily seen that z ^ z ii 
and only if the following identities hold 

ef^ef, ^r-^^'" (9a) 

We denote by J{£ x C) the quotient space Ji{£ x C) / ^ and hy p : Ji{£ x C) ^ J{£ x C) the corresponding 
canonical projection. A system of local fiber coordinates on the bundle J{£ x C) is provided by x^ ,uj^^^ , E^^ := 

H4-4)'V-H-.r--.r)(^<^)- 

The geometry of J^-bundles has been thoroughly examined in Refs. [l|, l3, l3|. As a matter of fact, the quotient 
projection p endows the bundle J{£ x C) with most of the standard features of jet-bundles geometry (jT'-extension of 
sections, contact forms, j/-prolongation of morphisms and vector fields), which are needed to implement variational 
calculus on J{£ x C). 

Referring the reader to P, 0) 13 for a detailed discussion on J^-bundles geometry, the relevant fact we need to recall 
here is that the components of the torsion and curvature tensors can be chosen as fiber J^-coordinates on J{£ x C). 
In fact, the following relations 

I^ = 2i?^+^/,et-c./,ef (10a) 



i?,^. ^'^ = 2n/'' + uj^ ^^/'^ - (10b) 

can be regarded as fiber coordinate transformations on J{£ x C), allowing to refer the bundle J{£ x C) to local 

coordinates a;*, ef , T^'^ (j < j), ^'^ {i < j,p < ly). In such coordinates, local sections 7 : — > J^{£ x C) are 
expressed as 

^ : x^ ix\e^ix),u;^^-{x),Tt^{x),R^/-'{x)) (11) 

In particular, a section 7 is said holonomic if it is the J^-extension 7 — J a of a section a : M. ^ £ x C. In local 
coordinates, a section is holonomic if it satisfies the relations Q 

- - ^+u.,\ix)e^ix)~./,ix)e^ix) (12a) 
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namely if the quantities T^^ (x) and R^j '^^ {x) are the components of torsion and curvature tensors associated with the 
tetrad e^{x) and the connection uj^^'^{x), in turn, represents the section a. 

We also recall that the bundle J{£ x C) is endowed with a suitable contact bundle. The latter is locally spanned 
by the following 2-forms 

e^' = del A dx' + iJf dx' A dx^ (13a) 



= dio^ A dx' + r!,/" dx' A dx' (13b) 

It is easily seen that a section 7 : ^ J{£ x C) is holonomic if and only if it satisfies the condition 7*(0^) — 
7* (6'^'^) = V/i, = 1, ... ,4. Moreover, in the local coordinates {a;, e, w, T, i?}, the 2-forms (fT^ can be expressed as 

g)M = _ and 6"^'^ = p^'' - R"" (14) 

being r'^ = def Ada;* +w/^e,^ dxMda;^ T'^ = ^Tl"- dx' Adx^ , p^"" = dw/'^Adx^ + i (w/^^u;^'' - w/^^w/^) dx^ Adx' 
and i?'^'^ = dx^ A dx^ 



B. The field equations 

We call a Lagrangian on J'{£ x C) any horizontal 4-form, locally expressed as 

L^Cix\ef,u;r,T[;,R,^^nds (15) 

Associated with any of such a Lagrangian there is a corresponding Poincare-Cartan 4-form, having local expression 
(see H) 

1 f)r 1 fir 

d d 

where dshk '■= „ ^ J ^^"jrJ ds. Taking the identities dx* A dsy = —6*dsi + S^dsj and dx^ A dx* A ds^j = 
— (<5f i5j — i^i) rfs into account, it is easily seen that the 4-form (fT6)) may be expressed as 

e^Cds-^ (de^ A dsk - Lo^r ds + \t^u ds 

hk \ J ^y^^ 

~\ q^^P (^^h^ ^ dsk - uj,,'^ ^uj^^^ ds + ^ii^.fc"'' ds^ 

The field equations are derived from the variational principle 

A{a) = j Ja*{Q) = j Ja*{Cds) (18) 

where a : A4 ^ £ x C denotes any section and J^a : A4 J(£ x C) its J'-extension satisfying eqs. 

Referring the reader to [3i] for a detailed discussion, we recall here that the corresponding Euler-Lagrange equations 
can be expressed as 

Ja* { J{X)A dQ)^^ (19) 

for all jj-prolongable vector fields X on £ x C. Moreover, we notice that the expression of J^-prolongable vector fields 
and their J^-prolongations, involved in eq. (fT9)l . is not needed here. In order to make explicit eq. ([19]), we calculate 
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the differential of the form pT)) . that is 

dQ = d£ A ds - d 
dC 



( dC 



\ hi 



A ( de^ A dsk - w,," ds + -T^^ ds 



dT, 



hk 



-el dw;," , A ds - w^" , del ^ds + -dT^^ A ds 



dC 



1 



2 \dR,:'\ 



A ( dw^"^ A dsk - w,," A^fe^" + ■2^hk"' ds 



A/3. 



Q/3 



1 dC 



2dR 



hk 



(^-2co,,\dio,^^ Ads + ^dR,^,''^ Ads 

^^<Ads + -^d., '^Ads 



/ dC 



Tl^kds 



dC 



dC 



+ i^l d^h" ,Ads + u:,:' , del A ds) + — c^^" ,^du^^^ A ds 



dT,'^k 
-id 



dR 



hk 



dC 



^"\dRhk"', 



A ( dcj^"^ A dsfc - bjf^°' A^fe'^^ + ^Rhk"'^ ds 



Choosing infinitesimal deformations X of the special form 



we have then Q) 



(20) 



(21) 



j(x)j de = 



1 dC 



2 ac^/"^ 



ds 



dC 



dL 



1 



ds + d 



ekVcriy ds + -d 



dC 



2"\dR^r 



A dsfe + a;,, „ ds 
dC 



dC 
dffk 



kq 



q 



J{X) J d (^^^ A {del A dsfe - c.," ds + ^T,", ds) 



9/: 



/ifc 



^:7(X) J d I ) A ( do;,"'' A dsfc - u^C x^k"' ds + ^i?,,"'^ ds 



(22) 



Due to the arbitrariness of X and the holonomy of the J^-extension J a (compare with eqs. ([T2b H the requirement 
([T^ yields two sets of final field equations 



„ J dC dC 



d 



Jo* 



dC 



(23a) 



and 



Ja* 



dC dC 



dL 



dC 



kq 

d 



Ja* 



dC 



kq 

dC 



= 



(23b) 



To conclude, it is worth noticing that all the restrictions about the vector fields J{X) in eq. (fTg)) may be removed. 
In fact, it is easily seen that eq. (fT9|) automatically implies 



J a* (X J de) = 0, yX e D^{J{£ xC)) 



(24) 



7 



IV. /(i?)-GRAVITY WITHIN THE J^-BUNDLE FRAMEWORK 
A. Field equations in empty space 

Let us now apply the above formalism to the f{R) theories of gravity. The Lagrangian densities which we are going 
to consider are of the specific kind £ = ef{R), with e — det (ef ) and R = R^j '^'^e^e{,. Therefore, taking the identities 

TT-rr — ee* and 7—^ — — e* e^, into account, we have 

^ = eel,f{R) - 2e/'(i?)i?^/-e\ (25a) 

^ = 2ef'{R) \elel - (25b) 



In view of this, eqs. ((23)) become 



e;/(i?) - 2/'(i?)i?^/-el = (26a) 

and 

A [2e/'(i?) (e^j, - e^e^)] - [2e/'(i?) (e^e', - ^^^^^ 

-c.,\ [2e/'(i?) (e^el-e^e^)] =0 
After some calculations, eqs. (j26bp may be rewritten in the form 

e/" (i?) — - er{R) — ef - ef{R) (T^ - Tf^e? + T/^e^ = (27) 

where Tft — — — ^ + cj, "^e^ — w ",,e^ are the torsion coefficients of the connection uj, ^"(x). 

Recalling the relationships Rf^^^^ = R^J^'' V^ye^el and T^/' = T^^.e^ among the quantities related to the spin 

connection uj and the associated linear connection F, that is Fj,'' — e'^ \ + uj^ '^^Cj ) , it is straightforward to see 



dx^ 



that eqs. (I26a|) and ([27]) are equivalent to eqs. ([5]) obtained in the metric-afSne formalism. 

At this point, the same considerations made in Q hold. In particular, let us take into account the trace of the 
equation (|26ap . namely 

2f{R) - !'{R)R = (28) 

This is identically satisfied by all possible values of R only in the special case f{R) = kR^. In all the other cases, 
equation ([28)1 represents a constraint on the scalar curvature R. As a conclusion, it follows that, if f{R) ^ kR^, the 
scalar curvature R has to be a constant (at least on connected domains) and coincides with a given solution value of 
(1^ . In such a circumstance, equations (P7|) imply that the torsion T," has to be zero and the theory reduces to a 
/(-R)-theory without torsion, thus leading to Einstein equations with a cosmological constant. 
In particular, we it is worth noticing that: 

• in the case f{R) ~ R, eq. (pS)) yields R = and therefore eqs. (|26ap are equivalent to Einstein's equations in empty 
space; 



if we assume f{R) — kR^, by replacing eq. (^5)1 into eq. (^5)1 . we obtain final field equations of the form 

1 

4 



^e;i?-i?/el = (29a) 



After some straightforward calculations, eq. (|29bp can be put in normal form with respect to the torsion, namely 

_^aR 1 aR 



8 



B. Symmetries and conserved quantities 



The Poincare-Cartan formulation (j24p of the field equations turns out to be especially useful in the study of 
symmetries and conserved quantities. To see this point, we recall the following Q 

Definition IV. 1 A vector field Z on J(E x C) is called a generalized infinitesimal Lagrangian symmetry if it satisfies 
the requirement 

Lz{Cds)^da (31) 

for some 3-form a on J{£ x C). 

Definition IV. 2 A vector field Z on J(E x C) is called a Noether vector field if it satisfies the condition 

LzQ = oj + da (32) 

where to is a A-form belonging to the ideal generated by the contact forms and a is any 3-form on J(£ x C). 

Proposition IV. 1 // a generalized infinitesimal Lagrangian symmetry Z is a J -'prolongation, then it is a Noether 
vector field. 

Proposition IV. 2 // a Noether vector field Z is a -prolongation , then it is an infinitesimal dynamical symmetry. 

We can associate with any Noether vector field Z a corresponding conserved current. In fact, given Z satisfying eq. 
([5^ and a critical section ct : ^ £ x C we have 

dJa*{Z AQ -a) = Ja*{LO - Z A dQ) (33) 

showing that the current Ja*{Z A — a) is conserved on shell. 

As it is well known, diffeomorphisms and Lorentz transformations (for tetrad and connection) have to be dynamical 
symmetries for the theory: let us prove it. 

■ d 

To start with, let Y — be the generator of a (local) one parameter group of diffeomorphisms on M. . The 

vector field Y may be "lifted" to a vector field X on £ x C by setting 



The vector fields ([M)) are J^-prolongable and their J'-prolongations are expressed as Q 

d 5f d 1 d£^ d d£'' d 1 d£^ d 

^ dx'^ dxi "" del 2 9x9 9w/'' ^■'^ax' 97;^ 2 ^'^ 9x^97?,/" ^ ' 

A direct calculation shows that the vector fields ([55)1 satisfy L j(x) {^f{R) ds) = 0, so proving that they are infinitesimal 
Lagrangian symmetries for generic f{R)- models. Due to Propositions pV.l|) and pV.2p . we conclude that the vector 
fields (|35p are Noether vector fields and thus infinitesimal dynamical symmetries. There are no associated conserved 
quantities, the inner product Sf{X) A Q consisting in an exact term plus a term vanishing identically when pulled-back 
under critical section. We have indeed 



J{X)A 6 = ee (/(i?)'^,' - 2/'(i?)4) dsk - A (j{X)A -^dsuu 



id ( ec^,"'3^^d.,J - -eoj.r^D ( ^ds 



(36) 



hk 



where D ^ \ — d \ tt r-rw,- „ dx — t-uj, f, dx . 

Infinitesimal Lorentz transformations are represented by vector fields on J{£ x C) of the form 



d_ 1„ d 
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where A'^'^{x) = — ^''^(a;) is a tensor-valued function on Ai in the Lie algebra of SO{3,l), and 

DqA^^" = -Q-^ + ^q^a^"^" + ^q"" a^^" ■ ^s above, the vector fields dSZ]) are J'-prolongable and their J'-prolongations 
are expressed as [1] 

J{Y) = A-'^e^ ^ - -T^^A^" + -A^,T^^ ^ + 2^'^.^., '^'^ (38) 

It is straightforward to verify that the vector fields ((38|) obey the condition Lj^Y){sf{R)ds) — 0. Once again, the 
conclusion follows that they are infinitesimal dynamical symmetries. Moreover, it is esily seen that 

JiY) Je = -\d ds,,] + Ia'^^D A ds,, (39) 

Therefore, as above, since the inner product JiX^A 8 consists in an exact term plus a term vanishing identically 
when pulled-back under critical section, there are no associated conserved quantities. 

C. Field equations in presence of matter 

In presence of matter, the configuration space-time of the theory results to be the fiber product £ x C y. m F over 
M, between £ x C and the bundle F ^ M where the matter fields 4'^ take their values. 

The field equations are derived from a variational problem built on the manifold J{£ x C) Xm Ji{F)^ where Ji{F) 
indicates the standard first J^-bundle associated with the fibration F M.. 

The total Lagrangian density of the theory is obtained by adding to the gravitational one a suitable mat- 
ter Lagrangian density Lm- Throughout the paper, we shall consider matter Lagrangian densities of the 
kind Cm = 'Cm(e, w, "0, (9^). The corresponding Poincare-Cartan form is given by the sum Q + 9m, where 

9^ = dip^ — ipf dsi the usual contact 1-forms of the bundle Ji {F) . 
In such a circumstance, the Euler-Lagrange equations (|23p assume the local expression 



Cmds + -—^ 9^ A dsi is the standard Poincare-Cartan form associated with the matter density Cm, being 



f'{R)R^/^e\ - -e;/(i?) = (40a) 



and 



f'{R) {T,Z - T^.e: + r;,en = ^^^^ " + ^1 (40b) 



1 dCm oa _ 1 d^r. 

___ and 

respectively. In particular, from eqs. (|40b[) . we obtain 



where E\ := — 4r and S?. :— — — '-ii^et^sef play the role of energy-momentum and spin density tensors 

^ 2e aer 2e ouj.: 



3 f 1 

^'^---2 9^-2^- (41) 



Then, substituting eqs. (j4ip into eqs. (j40b|l . we find the expression for the torsion 



1 fdf_ _ \ 1 



Eqs. (|42p tell us that, in presence of w-dependent matter, there are two sources of torsion: the spin density 8"^ and 
the nonlinearity of the gravitational Lagrangian. It is important to stress that this feature is not present in standard 
GR. 

Now, by considering the trace of eqs. (|40ap we obtain a relation between the scalar curvature R and the trace S of 
the energy-momentum tensor given by 



f'{R)R^2f{R)^^ 



(43) 
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When the trace S is aUowed to assume only a constant value, the present theory amounts to an Einstein-like (if 
S'(" — 0, i.e. w-independent matter) or an Einstein-Cartan-like theory (if S'j" ^ 0, i.e. w-dependent matter) with 
cosmological constant. In fact, in such a circumstance, eq. (|43|) implies that the scalar curvature R also is constant. 
As a consequence, eqs. (|40ap and (|^ can be expressed as 

i?V-i(i? + A)e; = A:S; (44a) 

Tts = ^ (25r. ~ 5- + S^^ef) (44b) 

where A = kf{R) — R and k — — — -, R being the constant value determined by ea. (|^5)l . provided that f'{R) ^ 0. 

The previous discussion holds with the exception of the particular case E = and f{R) — aR^. Indeed, under these 
conditions, eq. I|43p is a trivial identity which imposes no restriction on the scalar curvature R. 

From now on, we shall suppose that S is not forced to be a constant when the matter field equations are satisfied. 
Besides, we shall suppose that the relation is invertible so that the scalar curvature can be thought as a suitable 
function of E, namely 

R = F(E) (45) 

With this assumption in mind, defining the tensors R'^ := R^/''e\e'^, := E^^e^, T^- T^-^e^ and S", > := S'ge^, 
we rewrite eqs. (|4QaP and (|42]) in the equivalent form 



- lR9^, - 77^;^ [^v ~ \^9^?j - lF{j:)g,, (46a) 



2/'(F(E)) V dxP ^^P'^yV »"j J ^ ^ /'(F(E)) 



In eqs. (I46ap one has to distinguish the order of the indexes since, in general, the tensors Rij and Ey are not 
symmetric. 

Moreover, following in the l.h.s. of eqs. (|46ap . we can distinguish the contribution due to the Christoffel terms 
from that due to the torsion dependent terms. To see this point, from eqs. ^ and ([U, we first get the following 
representation for the contracted curvature tensor 

R,^ = R,^ + V^Kj^ - V,i^,, + K/K^^^ - KJK^J^ (47) 

where Rtj is the Ricci tensor of the Levi-Civita connection F associated with the metric gij = r/ui/e^ej, and V denotes 
the Levi-Civita covariant derivative. Then, recalling the expression of the contortion tensor [2a | 

1 
2 

and using the second set of field equations (|46bp . we obtain the following representations 



K,/'^-(^T,/^ + T^\-T%) (48) 



K^^^k,^ + S,^ (49a) 
S^,'--=^{~S,/+S^\-S\) (49b) 

K^^:=-f,S^+fpgP>^g,j (49c) 

' df 
2/' \dx^ 



^-=^UrT + ^^) (49d) 



Inserting eqs. (|49|) in eq. (l47l) we end up with the final expression for Rij 

lO h , q PC h _ fc Pre ^ — K PC! h _ q P f> h _ q Pq k 

''^ji ^hp '^ji '-'hp ^hi ^jp ^hi jp '-'hi ^ jp '-'hi '-'jp 

The last step is the substitution of eqs. ([50)1 into eqs. (|46ap . Explicit examples of the described procedure are given 
in the next subsections. We will discuss specific cases of fields coupled with gravity acting as matter sources. 



(50) 
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D. The case of Dirac fields 



As a first example of matter, we consider tlie case of Dirac fields ip. The matter Lagrangian density is given by 



Cd = e 



(51) 



where Diip = — — - + a;,- Sn^th and Ditp — — — - — ipuj; S^u are the covariant derivatives of the Dirac fields, 
dx^ ax* 

S^p = - [7/i,7iy], 7* — 7^eJ,; 7^ denotes the Dirac matrices. 

The field equations for the Dirac fields are 

i-I^Dhi) -■mip = 0, iDh^p-f'' + toVJ = (52) 

Since the Lagrangian (|5ip vanishes for ip and ^ satisfying the equation (|52p . the corresponding energy-momentum 
and spin density tensors are expressed, respectively, as 

S,, = [^^,D,i: - (D,V;) (53) 



and 



= (54) 



with Sij = - [7i,7j]. Now, using the properties of the Dirac matrices, it is easily seen that {7'*,S"-'} — -7'*7"'7'''- 
8 2 

This fact implies the total antisymmetry of the spin density tensor 5^ . As a consequence, the contracted curvature 
and scalar curvature assume the simplified expressions (compare with eq. (jSOp ) 

= - 2V,f, - VhT'^g^j + 2f,f, ~ 2f^f '^g^ - V/.S'j/ - SjS^J" (55a) 

and 

R = R-6W^f' -6fif' - Sf^fS'/ (55b) 
I df - 1 

where now = —77-;:— and S", :— —77775' , ''. Inserting eqs. ([55)1 into eqs. (|46ap and using of the above expression 
2/ ox'' ■' 2/ ■' 

for Ti, we obtain the final Einstein-like equations 



1 _ 1^ , If 3 d(p d(p ^ dip ^ 3 dip dip 



(56) 



where we have defined the scalar field 

p> fiFi^)) (57) 

and the effective potential 

Vip) := 1 [^F-i((/')-i(^)) + p'ifTH^)] (58) 



To conclude, we notice that eqs. ()56p can be simplified by performing a conformal transformation. Indeed, setting 
(jij :— prjf^^efej , eqs. (I56p can be rewritten in the easier form 

Rv - = ^S,, - ^V^((^)5., + V,5,,'' + 5,/5,p'' - ^^/./'^'p ''9^, (59) 

where -R^j and R are respectively the Ricci tensor and the Ricci scalar curvature associated with the conformal metric 
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E. The case of Yang-Mills fields 

As it has been shown in some previous works [JUiBH^j also gauge theories can be formulated within the framework 
of jj-bundles. Therefore, we can describe /(i?)-gravity coupled with Yang-Mills fields in the new geometric setting. 

To see this point, let Q ^ be a principal fiber bundle over space-time, with structural group a semisimple Lie 
group G. We consider the affine bundle JiQ /G ^ A4 (the space of principal connections of Q ^ A^) and refer it to 
local coordinates x'^ , af , A = 1, . . . ,r = dim G. 

In a combined theory of /(i?)-gravity and Yang-Mills fields, additional dynamical fields are principal connections 
of Q represented by sections of the bundle JiQ /G ^ A4. The extended configuration space of the theory is then the 
fiber product £ x C x JiQ/G M. over M. 

Following the approach illustrated in Sec. II, we may construct the quotient space J{£ x C x JiQ/G) (see Q for 
details). As additional jj-coordinates the latter admits the components of the curvature tensors of the principal 
connections oi Q ^ M.. Holonomic sections of the bundle J{£ x C x JiQ/G) are of the form together with 

(-) = ^ - ^ + afi.)a-i.)C^, (60) 

where C^^ are the structure coefficients of the Lie algebra of G. 

The Poincare-Cartan 4-form associated with a Lagrangian on J{£ x C x JiQ/G) of the form L = 
Cix\e';,af,R^^'"',F^j)ds is 

^ = ^d'- iT^^ A ds,, - -— ^ 9^ A ds,, (61) 

where 9"^ ^^"^ -F^, being F^ := \F^ dx' A dx^ and $^ := daf A dx' + \afa^C^B dx^ ^ dx\ 
Variational field equations are still of the form 

Ja* {J{X)AdQ)^Q (62) 

for all iJ-prolongable vector fields X on 5 x C x JiQ/G. Due to the arbitrariness of the infinitesimal deformations X , 
eq. ((5^ splits into three sets of final equations, respectively given by eqs. together with 



dC ^ dC_ 

k] 



In particular, if the Lagrangian density is 



C - e (^/(i?) - \F,jF^%^ABV''''ePelr,^'^elei^ 



(64) 



expressing /(i?)-gravity coupled with a free Yang-Mills field, eqs. (|23p and (|63|) assume the explicit form 



e^fiR) - 2f'{R)R^/'^e\ = ij^^i^f - F^^F^.e'; (65a) 

A [2e/'(i?) {eld - eld)] - [2e/'(i?) (ejej. ~ e\el)] ^^^^^ 

-c.,\ [2e/'(i?) (e^l - ej,e^)] = 

Dk{,eFf) = (65c) 



Qri-k ^kK-^Cl^BA- 



where Z?fe(eF*) = - af (eF^)Cf 

Since the trace of the energy-impulse tensor :— -^F^F-j^e^ — F^'^Fj^^.e^ vanishes identically, we have again: 

• if f{R) ~ kR we recover the Einstein- Yang-Mills theory; 

• if f{R) 7^ kR^ the torsion is necessarily zero and we recover a /(i?)-theory without torsion coupled with a Yang-Mills 
field; 

• We can have non- vanishing torsion only in the case f{R) — kR^ . 
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F. The case of spin fluid matter 



As a last example of matter source, we consider the case of a semiclassical spin fluid. This is characterized by an 
energy-momentum tensor of the form 

E*^' = {p+ p)U'W + pg'^ (66a) 

and a spin density tensor given by 

S*,/' = (66b) 

where W and Sij denote, respectively, the 4-velocity and the spin density of the fluid (see, for example, "33^ and 
references therein). However, the constraint U^Ui = —1 must hold. Other models of spin fluids are possible, where, 
due to the treatment of spin as a thermodynamical variable, different expressions for the energy-momentum tensor 
may be taken into account [l^, [IE, [IB] ■ 

The 4-velocity and the spin density satisfy by the so called convective condition 

SijW = (67) 

It is easily seen that the relations (p7|) imply the identities 

S, = -S, (68) 

obtained inserting eq. (j66bp in eq. (I49b| and using (j67p . Making use of (j68p as well as of eqs. (|49bp . (jSOp . (j66b[) and 
(j67p . we can express the Ricci curvature tensor and scalar respectively as 

^ (69a) 

and 

R^R- 6V,r' - 6f,P - .^l^SP^Sp, (69b) 

I df 

where Ti = Yp'Q~i' view of this, substituting eqs. (f69|) in eqs. (|46ap . and using the definitions ([STjl and (|58|) . we 
obtain Einstein-like equations of the form 

~ 1 ~ _ 1 1 / 3 dip dip dip dip f^^. 



(70) 



' 4^ '^^'^ 8^ ^^'^ ^Pi9i] 



Eqs. (|7D|) are the "microscopic" field equations for f{R) gravity with torsion, coupled with a semiclassical spin fluid. 
In this form, all the source contributions are put in evidence and their role is clearly defined into dynamics. 



G. Cosmological applications 

In order to apply the above considerations to Friedmann- Robertson- Walker (FRW) cosmological models, let us 
consider an isotropic and homogeneous universe filled with a cosmological spin fluid. 

Eqs. (|70p are valid in the microscopic domain of matter. Cosmological equations can be derived by a suitable 
space-time averaging of (I70p . In this situation, the simplest cosmological scenario is achieved by supposing that the 
cosmological fluid is unpolarized. In fact, being the spin randomly oriented, we can assume that the average of the 
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spin and its gradient vanish, but the same is not true for the spin-squared terms as < S^'^Spq >. As conchision, it 
follows that, after averaging, eqs. ([70)1 reduce to 

1 _ 1^ , If i dip dip ^ dip ^ Z dip dip 



d \ 1 1 ^ 



where we have introduced the notation = 2S^'^Spq (see [33|). 

As for the case of Dirac fields, eqs. ((7T|) can be simplified by performing a conformal transformations. In view of 
this, we can suppose that tp > where a sufficient condition to satisfy this request is /' > 0. Moreover, following the 

line illustrated in Q, we introduce the vector field W :— representing the four velocity of the fluid with respect to 

the conformal metric gij := ipgij (e^ := y^e^). The 1-form Ui :— ^fipUi denotes the corresponding covariant relation. 

Then, performing the conformal transformation ef := y^ef , from (|7ip we obtain a set of equivalent Einstein-like 
equations for the barred tetrad, expressed as 

G., = ~ - - i^^'ffz, (72) 

where Gij is the Einstein tensor in the barred metric and Ey (p + p)UiUj + pgij the new stress-energy tensor for 
the perfect fluid. Now, looking for a FRW solution 

e° = dt, = a{t) dip, = a{t)x d0, = a{t)x sin dcj) (73) 

for eqs. ([72|) . we get the Friedmann-like equations of the form 



o , a\ 3A: p V{p) 1 2 1 2 ^ta \ 

3 - + ^ = ^ H ^ —^s + — (74a) 

* a/ a? p^ p^ 2(^3 4^3 



and 



(74b) 



In conclusion, we notice that, once a solution e'' is found, also the conformal tetrad — e'' (solution of ([7T|) ) 

gives rise to a FRW metric. In fact, by performing the time variable transformation 

dT := i dt (75) 

we can express the tetrad as 

e° = dr, = A{t) dijj, = A{t)x dO, = A(t)x sin 9 d(j) (76) 

where A := . 

H. Equivalence with scalar— tensor theories 

The results of the last subsection lead to take into account the analogies between /(i?)-gravity with torsion and 
scalar-tensor theories with torsion, as discussed, for example, in [37. . ,38,] . To this end, let us consider a Lagrangian 
density of the form 

C = peR ~ eU{p) + £,„ (77) 
where p \s a. scalar field, U{ip) is a suitable potential and Lm is a matter Lagrangian density. 
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The Euler-Lagrange equations p3|) applied to the Lagrangian density ((77)) , yield the corresponding field equations 

R,/-e\^lRel^^j:i-±U{^)e'^ (78a) 

^ {T,Z - T^^e^ + T:,et) = - ^e," + Sf, (78b) 

while the Euler-Lagrange equation for the scalar field is given by 

R = U'{ip) (78c) 



so that 



Inserting eq. (I78cp in the trace of eqs. ()78ap . we obtain an algebraic relation between the matter trace E and the 
scalar field ip expressed as 

S - 2U{(p) + fU'{if) = (79) 

2 

Now, under the conditions U{lp) = —V{tf)^ where V{tf) is defined as in eq. ([55)1 and /" ^ 0. It is easily seen that the 

relation ([79)) represents exactly the inverse of ([57)1 . In fact, from the definition of the effective potential ([55)1 and the 
expression F-^{X) = f'{X)X - 2f{X) we have 

[/(^) = ^vi^) = i [F-\ifTH^)) + v>{fT\^)] = [vifT'i^) - fiifT'm (80) 

^'M ^ (/')-(.) + - j^^, ^ (/')-(.) (81) 

and then 

s = ~ipu\v) + 2u{v) ^ rufTH^mTHv) - 2/((/')-'M) = F-'i{fr\f)) (82) 

In view of the latter relation, eqs. ([78)) result to be equivalent to eqs. ([45)) and ([46)) . This fact proves the equivalence 
between /(i?)-gravity and scalar-tensor theories with torsion obtained also in the j/-bundles framework. 

V. CONCLUSIONS 

In this paper, we have discussed the /(i?)-theories of gravity with torsion in the J^-bundles framework. 

This formalism gives rise to a new geometric picture which allows to put in evidence several features of the theories, 
in particular their symmetries and conservation laws. In particular, due to the fact that the components of the torsion 
and curvature tensors can be chosen as fiber j7-coordinates on J'{£ x C), the field equations can be easily obtained in 
suitable forms where the role of the geometry and the sources is clearly defined. 

Furthermore, such a representation allows to classify the couplings with respect to the various matter fields whose 
global effect is that to enlarge and characterize the J^-bundle. 

We have given specific examples of couplings taking into account Dirac fields, Yang-Mills fields and spin fluids. 
In every case, the J^-vector fields allow to write the /(i?)-field equations in such a way that curvature, torsion and 
matter components have a clear and distinct role into dynamics. 

This result is particularly useful in cosmology where the role of sources is crucial to define dynamics and, in some 
sense, to coherently match the observations. In fact, the passage from the "microscopic" domain of field equations 
and a suitable average domain for cosmology is extremely relevant to define self-consistent cosmological models having 
well-founded theoretical bases. For example, in the present state of cosmology, one of the main shortcomings is due 
to the fact that a huge amount of models explain the "same" data and, in our opinion, the degeneracy could be due 
to the fact that the relation between the microscopic and the macroscopic descriptions are often not well defined, a 
part the very crucial issue to have homogeneous and reliable data at any redshift. In this sense, giving a priori a 
straightforward classification of curvature, torsion and matter components is extremely useful. 
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In a forthcoming paper, wc will show how all these considerations could contribute to give a geometric, well-founded 
view of the dark side of the universe. 
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